Flux distribution is an important tool to understand the variability processes in active galactic nuclei. We now have available a great deal of observational evidences pointing towards the presence of log-normal components in the high energy light curves, and different models have been proposed to explain these data. Here, we collect some of the recent developments on this topic using the well-known blazar Mrk 501 as example of complex and interesting aspects coming from its flux distribution in different energy ranges and at different timescales. The observational data we refer to are those collected in a complementary manner by Fermi-LAT over multiple years, and by the First G-APD Cherenkov Telescope (FACT) telescope and the H.E.S.S. array in correspondence of the bright flare of June 2014.
Introduction
The origin of variability in the emission across the electromagnetic spectrum in active galactic nuclei (AGNs), especially at gamma-ray energies, is still a puzzle due to the lack of clear understanding of the emission mechanisms leading to the high energy flux.
A crucial improvement is the increase in sensitivity at TeV energy that happened in the past 20 years with the present generation of Imaging Air Cherenkov Telescopes (IACTs), like e.g., H.E.S.S., which allowed high statistics measurements of bright flares. Another important development is the observing strategy of high cadence monitoring of the brightest AGNs as now carried out with instruments like First G-APD Cherenkov Telescope (FACT) and HAWC. All these aspects are making it possible for TeV astronomy to move towards a more mature phase. Especially in the context of multi-wavelength observations, the long-term monitoring programs to have continuous observations of variable sources are very useful. This unprecedented coverage on wide spectral and temporal ranges is shedding new light on the phenomenon of variability.
One of the key properties is the flux distribution (often indicated as PDF: Probability density function) of the sources. A Gaussian (or "normal") flux distribution would be an indication of a linear summation of components contributing to building up the emission. Log-normal distributions (distributions which are Gaussian in the logarithm of the flux) are instead naturally obtained via multiplicative (or cascade)-like processes see e.g., [1] and references therein. Therefore, the PDF
Observational Evidences in Gamma Rays
The advent of high-sensitivity, ground-based gamma-ray telescopes (like MAGIC, H.E.S.S., and VERITAS) enables the characterization of the flux distribution also in the very high energy (VHE; E > 100 GeV) regime. One of the most famous examples in this regard is the blazar PKS 2155-304. This source is regularly observed by the H.E.S.S. experiment and underwent an extremely bright flaring activity in 2006 [5] . A detailed study of long-term data collected by the H.E.S.S. telescopes has shown clearly the presence of log-normal behaviour in the light curve, both in the "quiescent" state and in the "flaring" state, as shown in Figure 3 of [6] . A further analysis involving a much larger low state dataset solidly confirmed this trend [7] which is seen also at different wavelengths [8] . A study including 18 years of public data of Mrk 421 also revealed a log-normal behaviour fitting the flux distribution with the sum of a Gaussian and a log-normal distribution [9] . In 2011, the observation of the gamma-ray sky has seen the arrival of another player: The FACT 1 . Despite being a small telescope (mirror area of ∼9.5 m 2 ), it is equipped with a silicon photo-detectors instead of the traditional photo multipliers tubes. This camera choice allows it to operate in much higher external luminosity conditions (e.g., moon time) increasing its monitoring capabilities. Furthermore, its observation strategy is focused on the monitoring of a small sample of sources, mostly AGNs, to build unbiased light curves and explore in a more effective way the variability of TeV sources. Using these unbiased observations, the departure from "normality" in the PDF is confirmed for other sources [10] .
At GeV energies, the field is explored using the Fermi-LAT telescope, which has been scanning the high energy (HE; E > 100 MeV) sky since August 2008, in principle able to observe gamma rays with an energy going from few tens of MeV to hundreds of GeV (where the performance becomes limited by the low photon flux). Thanks to its constant monitoring, a great deal of data is available to study the statistical properties of AGN light curves. Studies on the brightest blazars seen by the LAT show the same trend when the light curves are binned on a monthly timescale [11] . However, the Fermi-LAT, having a collection area of ∼1 m 2 , lacks the necessary sensitivity to perform a detailed study also on fainter objects, where it can become hard to gain enough statistics on short timescales to perform these kind of studies, as shown in Section 2.
Models to Explain Log-Normality
The log-normal behaviour can be naturally explained by the effect of a multiplicative process and several models attempt to explain this phenomenon. Uttley et al. [1] have linked the presence of log-normality to non-linear variability aspects which could be explained by variations in the accretion flow that get coupled together and that are then transmitted to the emission region. In the Shakura-Sunyaev type accretion disk, fluctuations in the viscosity parameter propagating from the outer rings to the inner rings in the accretion disk can naturally produce a log-normal PDF. These models have also the advantage to be able to produce a variability power spectrum characterized by a power law [12] ; a property often seen for AGNs, not only at gamma-ray energies, but at other wavelengths see e.g., [7, 13, 14] . The presence of log-normality however does not completely rule out additive models, but makes them less natural: Biteau and Giebels [15] have shown that it is possible to obtain a flux distribution that would resemble a log-normal one by the addition of the emission of a large (O(10 4 )) number of "mini-jets" randomly oriented inside the main AGN outflow. The advantage of this model would be to have a direct connection between the source of variability and the emission from the jet. Skewness in the PDF can also be obtained in the case of perturbations in the acceleration and/or cooling timescales in the emission region [16] . In this scenario, the skewness of the flux distribution is due to Gaussian perturbations in the acceleration and/or escape timescales of the primary particles in the acceleration region. While fluctuations in the acceleration rate would yield true log-normal distributions, fluctuations in the escape rate will be associated to a distribution that is neither normal nor log-normal, but that still presents skewness toward high fluxes and a mild linear correlation between flux and excess variance. An important prediction of this model is that the skewness of the flux distribution is more prominent at high energies, while tend to disappear at low energy [16] . While promising, this model refers to the steady state of the emission and furthermore it has yet to be properly tested using more realistic parameters encountered in the modelling of AGNs.
Importance of Simulations
A key aspect of testing models producing log-normal PDFs is to firmly establish statistically that the observed distribution is indeed log-normal and not simply an artefact of observations. This is achieved by simulating light curves with a known PDF. The correct procedure requires to produce sets of simulated light curves taking into account all the observational constraints as the sampling frequency and gaps in the data sets. We use the approach from [17] which modifies the Timmer-Koenig method of simulating light curves [18] with a power-law power spectral density PSD and a Gaussian PDF, but additionally we fold in cadence of the actual observations. This is implemented in as follows. We first simulate at least 1000 Timmer-Koenig Gaussian light curves with with PSD indices 1 and 2 ; as we find, the results are not sensitive to these values which are representative of the range of observed estimates for blazars. However, in the case with PSD indices >1, the total power diverges at low frequencies and hence there is a violation of strict stationarity with consequent departures from Gaussianity, the likes of which are demonstrated in [19] . In reality, the PSD at lower frequencies and longer timescales is less steeper (<1) as the total power is finite. Detailed exploration of effects of this on the estimated PDF is beyond the scope of this proceedings and will appear in [20] .
These light curves have bin-size at least as small as the observed bin-size, if not smaller by a small factor. The length of the time series is 5 times longer which reduces the problem of red noise leakage. These are "idealised" light curves that have a mean of 0 and variance of 1. We then impose on these light curves the observational properties. This includes shifting and scaling the flux values to match the observed mean and variance. We introduce gaps in the simulated light curve at the exact times where there are gaps in the observed light curves. This folds in the uncertainty due to irregularity in cadence. The resultant light curves are what maybe considered "realistic, artificial light curves". This artificial ensemble allows us to statistically test the occurrence of a tail or skew or a deviation from Gaussianity. We can take this further by simulating log-normal light curves to test consistency with a true log-normal distribution.
Markarian 501
The High-synchrotron peaked BL Lac (HBL) type object Markarian 501 (Mrk 501) is one of the most relevant AGN in the field of VHE astrophysics. It was discovered for the first time by the Whipple Observatory in 1996 [21] (second extragalactic source detected at VHE), and it is one of the closest blazars, being at a redshift of z = 0.034. Due to its proximity and brightness in this energy range, it has been often target of observational campaigns since its discovery, involving several energy ranges see e.g., [22] .
At GeV energies, it is clearly detected by the Fermi-LAT as a point-like source with a hard energy spectrum (photon index of the power law model, Γ < 2) at energies above 100 MeV [23] . The source is characterized by a very high degree of variability, especially in correspondence of the peaks of its broadband Spectral Energy Distribution (SED): In the X-ray and gamma-ray energy range [22, 24] . In particular at VHE, the emission often presents strong flares reaching fluxes as high as 10 times the flux of the Crab nebula (Crab Unit; C.U.) at 1 TeV. The spectra reconstructed during these events are also particularly interesting, extending up to ∼20 TeV energy following a power-law function without any apparent sign of cut-off once the absorption from the Extragalactic Background Light (EBL) is taken into account [24] [25] [26] [27] . For a more general overview on Mrk 501, see also [28] . Being a very active source, it offers a perfect test bench for the study of flux distributions.
Variability and Flux Distributions for Mrk 501 in 2014
The dataset available for this work spans a wide range of timescales and energies, thanks to the complementarity of the instruments involved in the observation. The light curves extracted from this dataset are shown in Figure 1 . The event taken as a reference for this work is the high state detected by the FACT telescope in June 2014 which triggered subsequent H.E.S.S. observations [29] . These observations resulted also in the detection of an extremely bright flare on the 23rd of June 2014, when Mrk 501 reached a luminosity in the VHE band close to its historical maximum [27] .
Due to the brightness of the event, it is possible to study the source behaviour on a wide range of timescales: The FACT telescope allows us to cover the emission in an unbiased way with a good nightly sampling with an energy threshold E th ∼ 830 GeV, shown in Figure 1b , over a period of almost five months. The light curve has been obtained based on the automatic quick-look analysis described in [30] . In addition, a data quality selection based on the cosmic-ray rate [31] has been applied resulting in a data sample of about 215 hours. The excess rates have been converted to fluxes using the Crab Nebula data as described in [32] . The flaring episode can in addition be studied in more details thanks to the H.E.S.S. observation which yielded a light curve with a 4-minute binning even though, due to the large zenith angle of the H.E.S.S. observation, the energy threshold is above 2 TeV. The light curves (also in comparison with FACT) can be found in Figure 1 of [33] .
At GeV energies, the data rely on the the Fermi-LAT and span more than seven years of observations, going from August 2008 to July 2015 (MET from 239557417 to 459661531). As Mrk 501 is not very bright in this energy range during this period, the data were binned on a 28-day interval, and they are selected to have an energy comprised between E > 1 GeV and 500 GeV, to safely avoid contamination from neighbouring sources thanks to the better PSF of the instrument in this energy range. The light curve is presented in Figure 1a . It was obtained after a full binned likelihood fit of the data using the standard Science Tools version 10.0.5, PASS8 instrument response functions and SOURCE photon class in a square region of interest with 28 degrees of side, centred in the position of Mrk 501. The fit took into account all the sources within 25 degrees angular distance from the central source contained in the 3FGL catalogue [23] 
PDF at GeV Energies: Fermi-LAT
In order to establish the statistical significance of a functional form of the flux PDF, we need to compare it with an ensemble of simulations. Artificially generated light curves with different stochasticities quantified in terms of variability power spectra using the Timmer and Koenig method for Gaussian PDFs and modifying it to generate log-normal PDFs 3 . The observed PDFs are compared with those for simulated light curves to produce confidence intervals on the flux bins for statistical testing. In the presented analysis, pink and red noise (PSD index 1 and 2 respectively) simulations are chosen for statistical testing. The histogram binning was chosen such that its size would not be smaller than the average error on the flux values in each light curve bin. This allows to neglect possible features arising simply from statistical fluctuations of the light curve. To ease the comparison between real data and simulations in both normal and log-normal case, a feature rescaling was implemented so that all the flux distributions would have mean 0 and variance 1.
As visible from Figure 2 , the distribution of the flux above 1 GeV, on timescales of months is still consistent with a Gaussian distribution or a log-normal one. To statistically test the hypothesis, we have run a Kolmogorov-Smirnov (KS) test to assess the similarities between the real data distribution and the simulated ones. Having a large number of simulated PDFs, we present the median and the 16th and 84th percentiles of the distribution of the p-value of the test only for the case with PSD index = 1 (the results of this test are not strongly affected by the index value).
For the Gaussian simulations case, we obtain a p-value of 0.80
−0.15 (where the super and sub scripts indicate the distance from the 84th and 16th percentile respectively). In the log-normal case, the value is instead 0.68
−0.34 . Because the KS test is biased to be more sensitive to differences in the centre of the distribution, we ran the Shapiro-Wilks (SW) test to determine the degree of normality of the dataset independently from the simulations. This powerful test [34] returned a 4% probability for the GeV data to come from a pure normal distribution and a 13% probability for the data to come from a pure log-normal distribution (testing the normality of the distribution of the log 10 of the flux).
In [11] , the authors reject the normal distribution hypothesis through the Anderson-Darling test. However, their dataset spans a different energy range (using all the data above 100 MeV) and a different time range, which makes a direct comparison difficult. Our robust approach using both normality tests and comparison with simulations show the limited discriminatory power of the current estimates from GeV data in distinguishing between the normal and lognormal PDFs. In fact, this highlights the importance of combining appropriate tests with simulations to make estimates.
The weekly light curves were also tested, to asses if a different behaviour arises when probing shorter timescales. However, because of the greater average uncertainty on the flux values for a shorter integration time, the histogram binning remains too coarse to draw any conclusion on a deviation from normality. 
PDF at TeV Energies, FACT and H.E.S.S.
In the VHE regime, the scenario is different and seems to be consistent across different timescales. Figure 3 illustrates the flux distribution obtained from the nightly light curve measured by FACT. Applying the same methodology used for the LAT light curve, it is possible to see an evident departure from a normal distribution, with the histogram skewed by the presence of tail towards higher fluxes. Using simulated light curves rescaled to represent a log-normal behaviour, it is shown how the data distribution can be easily explained assuming log-normality in the source variability at these timescales.
In this case, the data show a strong departure from a Gaussian distribution: The SW test yields a p-value of 10 −10 for the Gaussian hypothesis, while it is 0.73 for the log-normal one. The test using the simulated values also confirms the results, even though with less discriminative power: The normal hypothesis has a p-value of 0.02 Figure 2 . In this case, the flux distribution is better reproduced using a log-normal simulated dataset.
Finally, the H.E.S.S. data can probe the behaviour at the shortest variability timescales that can be examined with current data, thanks to the greater sensitivity of the instrument. The data used here come from the 3 nights of data centred in the peak of the flare. The histograms are shown in Figure 4 . Also in this case, at the shortest timescales, we see hints of departures from Gaussian distributions of the flux. Even though also the log-normal one cannot explain properly the distribution of the data.
As for the other datasets, we report the p-values for the various tests and hypothesis. Using the SW test the p-value for the normal case is 4 × 10 −4 , while in for log-normal hypothesis 10 −3 . In the comparison with the simulations we obtain p-values 0.38 Figure 2 . In this case there seems to be only a slight preference for a log-normal behaviour with respect to a normal one, but neither distributions explain well the data .
Discussion and Conclusions

Mrk 501 Results
The data available for this study seem to confirm the trend seen in previous works: The variability of the very high energy gamma-ray emission shows strong departure from a Gaussian behaviour, pointing towards a preference of models that predict log-normal behaviour in the flux distribution especially when long term, unbiased datasets are available.
The fact that at GeV energies instead we cannot recognize clearly this trend leaves us with different possible explanations. One of the possibilities is that the Mrk 501 could present a Gaussian behaviour in this energy range when considering long (∼monthly) timescales, while on shorter timescales the trend would look more similar to what we see in the TeV regime. Unfortunately, the testing of this hypothesis is particularly challenging given the lack of sufficient statistics at GeV energies to realize light curves on timescales shorter than 1 month. If instead the Gaussian behaviour is only present at low energies becoming log-normal in the TeV regime, this might be an indication of a different origin of the variability in the two energy ranges and hence a different origin of the emission. There is a degeneracy in the timescale-energy space that cannot be broken with the present data.
Recent preliminary studies done by the FACT Collaboration over a much longer data set on this source, reconstruct the flux distribution of Mrk 501 as a superposition of a Gaussian component, which contributes mostly to explain the low state of the source, plus a log-normal one which is responsible for the bulk of the variability seen at TeV energies [35] . These long TeV light curves might be the key to disentangle timescales and energy effects.
Another possibility is offered by the model proposed in [16] . The lack of log-normal distribution at GeV energies would be naturally accounted by the perturbations in the acceleration and/or escaping timescales. Furthermore, with tuning of the parameters in the scenario of perturbation on the escape time, it might even be possible to accommodate different shapes of flux distributions which are not exactly Gaussian or log-normal.
The Importance of Unbiased Monitoring
Having a strong handle on all the statistical properties of the variability phenomenon in blazars will be a powerful tool in the understanding the origin of the gamma ray emission in this sources. The case of Mrk 501 shows how much we can benefit from the synergy of combined observations of different gamma-ray telescopes and the importance of monitoring programs. The more in depth we go in the study of well-known sources, the better we can understand and try to extrapolate properties to other objects [36] . In this regard, the observation strategy adopted by the FACT telescope is of great relevance, because it provides data on a set of selected sources which are continuously observed, in an unbiased way, regardless of their activity status. Hopefully, in the coming years, the FACT program will benefit from the presence of other similar telescopes, like M@TE, which will join this monitoring strategy and extend the continuous coverage further [37] . When considering monitoring activities at TeV energies, it is worth mentioning the non-imaging gamma-ray detectors like the HAWC (High Altitude Water Cherenkov) Observatory. Detecting directly the shower particles reaching the ground, this type of experiment has the advantage of having a duty cycle of almost 100%, not being bound by the presence of the Sun or the Moon. The disadvantage here is that the energy threshold is typically higher compared to IACTs. The low sensitivity at sub-TeV energies makes the observation of extragalactic objects more difficult, unless they are nearby and bright. Currently, the only two extragalactic sources seen by HAWC are the blazars Mrk 421 and Mrk 501 [38] . Despite this, HAWC is already producing interesting results on the study of these two AGNs [39] , being able to perform a daily monitoring. For the high sensitivity observations on short timescales, for the moment we rely on the classic IACT arrays (MAGIC, H.E.S.S., VERITAS), but in a future not too far CTA will start its operation with a planned sensitivity one order of magnitude higher, meaning that it will be potentially possible to probe sub-minute timescales and have availability of high precision data on a large energy range [40] for the study of variability phenomena. For continuous monitoring, larger HAWC-like instruments are in construction [41] or planned 4 [42] , which would provide an excellent synergy with CTA. The future of the GeV field is a bit more uncertain with not yet a designed successor of the Fermi-LAT telescope in this energy band. Proposed missions for the MeV energy range like eASTROGAM 5 and AMEGO 6 would still have good sensitivity in the GeV energy range, but they are still in the proposal stage and the timescale could be as late as mid-2030s. Hence, it would be important to keep the Fermi satellite running for as long as possible given its fundamental importance for variability studies in the GeV regime.
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